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Summary

Most theoretical and experimental studies of electrical fluctuations in mem-
branes so far have been devoted to noise associated with conduction processes.
In this paper a different type of noise is described which results from dipolar
transitions in the membrane. Two mechanisms for the generation of such
dielectric noise are analyzed: (a) conformational transitions of membrane pro-
teins involving changes in dipolar moment and/or polarizibility, and (b) rota-
tion of dipolar molecules dissolved in the lipid. The spectral intensity of
current noise calculated for the two models exhibits a characteristic depen-
dence on frequency w with a decrease proportional to w? towards low fre-
quencies and an approach to a frequency-independent (white noise) limit at
high frequencies. For a given number of dipolar molecules in the membrane,
the spectral intensity is inversely proportional to the square of the membrane
thicknesss.

Introduction

Valuable information on elementary processes in membranes may be ob-
tained from the analysis of electrical fluctuations [1—5]. Current and voltage
noise have been studied with biological membranes and with artificial lipid
bilayer membranes, and theoretical investigations have been carried out relating
the observed noise to the microscopic parameters of the membrane. Most of
these studies have dealt with noise resulting from conduction processes in the
membrane, such as opening-closing noise [6,7] and transport noise [8,9] in
ion channels, as well as noise from carrier-mediated ion transport [10].

Processes in which free charges move within the membrane are not the only
source of electrical fluctuations, however. In the following we deal with a
different type of noise which results from dipolar transitions in the membrane.
If a membrane constituent, such as a protein, is able to assume a number of
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conformational states differing in the dipolar moment and/or the polarizibility,
then transitions between the states will cause electrical fluctuations in an
external measuring circuit. Such transitions involving a change of dipolar
moment may be the basis of the gating process in nerve [11]. A similar situa-
tion arises when the membrane contains polar molecules which are able to
rotate. In this case noise in the external circuit will be generated by random
rotational motions of the dipolar molecules. The noise resulting from dipolar
transitions or from rotation of permanent dipoles may be termed ‘dielectric
noise’, as these processes are closely related to the macroscopic dielectric
properties of the membrane.

Transitions between discrete conformational states

We assume that the membrane contains a protein species P which may be
present in different conformational states P,,P,, ..., P,. We denote the com-
ponent of the dipolar moment of state P; in a direction perpendicular to the
membrane surface by u; and the component of the polarizibility in the same
direction by «;. The value of y; is taken at an applied voltage of zero and con-
tains any contribution arising from the polarization of state P; under the
influence of an intrinsic field in the membrane. (If the membrane is asymmetric,
a non-zero electrical field may be present even without an externally applied
voltage). If E is the field strength due to the external voltage, the change m;; of
the total (permanent and induced) dipolar moment during the transition P; -
P; is given by

mi = Wy — M + (g —a)E 1)

Implicit in Eqn. 1 is the assumption that E is independent of position and
directed perpendicular to the membrane surface and that dielectric saturation
effects are absent. In the following we discuss the behaviour of the system
under the condition that the applied voltage V is composed of a stationary
voltage V, and a superimposed small a.c. voltage V,:

V)=V, + Vi(t) =V, + Vg, cos wi 2)
Ve | << IVl
where w is the angular frequency. The corresponding values of the electric
field are then given by E = V/d, E,= V,/d and E;= V/d (d is the membrane
thickness).

Denoting the average number of protein molecules in state P; by N; and the

rate constant for the transition P, - P; by k;;, the rate of change of N; is given
by

WNi 30 kgNi+ T kN (3)
dt i=1 ji=1

(k;; = 0). Here we have assumed (for generality) that transitions from any state
P; to any other state P; are possible. The net rate ®;; of transitions between P;

and P; is given by
;= kyN; — kiiN; (4)
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According to the principle of microscopic reversibility, the transition rate ®;;
vanishes in the equilibrium state of the system:

(Pij)eq = k_uﬁz - Eji]vj =0 (5)
N; and N; are the equilibrium values of N; and N;, and k;; and kj; are the rate
constants at the voltage V,. Introducing the equilibrium constant

R
K, =21 = (6)
J kj' ;

2=

it is easy to show (using Eqn. 6) that the equilibrium concentrations may be
represented by

N -2 %

n
E I_{ij
i=1

(Kii=1).N=N, + N, + ...+ N, is the total number of protein molecules.

Both the equilibrium constants K;; as well as the rate constant k;; depend on
the field strength E. As the electrostatic contribution to the change of free
energy in the transition P; - P; is given by —[(w; — i;)E + (o; — a;)E?/2] = w;,
the relation

~ s — . + . — ai E2 2 ~ s
K, =K, exp[(ﬂ] W) E k(;z ) E*/ ] = K;; exp (—_Lku_i_“'_) (8)
holds, where k is Boltzmann’s constant, T the absolute temperature and K ;j the
value of K;; at zero applied voltage. In order to describe the dependence of k;;
and k; on E, we may assume that the transition rate is limited by an activation
energy barrier which, in the presence of a field E, is changed by a;w;; for the
transition P; > P; and by —(1 — a;;)w;; for the reverse transition (a;; is a dimen-
sionless factor smaller than unity, 0 < a;; < 1). Thus,

ki = kij exp [—a,-,- ;—"Ti} 9)
- Wij
kj,' = kii exp |:(1 ——a,-,-)ﬁ (10)

k;; and k;; are the values of k;; and kj;for E= 0.

The spectral intensities S;(w) and Sy(w) of current (I) and voltage (V)
fluctuations generated by dipolar transitions may be calculated using the
Nyquist theorem [12—15] which relates S;(w) and Sy(w) to the frequency-
dependent admittance Y(w) of the system:

S1(w) = 4kT - Re[Y(w)] (11)
Sy(w) = 4kT- Re [7(1(0—)] (12)

Re means ‘real part of’. Nyquist’s theorem is valid for equilibrium states; it
may even be applied to nonequilibrium situations here if it is assumed that the
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dipolar molecules represent an equilibrium subsystem which is not affected by
simultaneously present dissipative processes (such as ion-flow through the
membrane).

In the presence of a voltage V(t) =V, + V,, cos wt the current I(t) in the
external circuit resulting from the dielectric polarization of the membrane may
be represented by

I(t) = I, cos(wt — ¢) (13)

Io= ViV Re? [Y(w)] + Im* [Y(w)] (14)
- Im[¥(w)]

T Rel V()] (o)

where Im means ‘imaginary part of’. I(t) is given by the time derivative of the
dielectric displacement D:
dD d

It)y=A i A T (€ E + P) (16)
A is the membrane area, P the polarization and €, =8.85-10712C-V! -m™!
the permittivity of free space. The calculation of P may be based on a simple
model in which the membrane is described as a mosaic consisting of lipid
regions and embedded proteins. The proteins may be represented as cylinders
oriented normal to the surface and bridging the hydrophobic thickness of the
membrane. If the polarizations of the lipid and protein phases are denoted by
P, and P,, respectively, and if § is the fraction of membrane area occupied by
lipid, then the average polarization P may be written as

P=0P, + (1 —B)P, (17)
The lipid may be treated as a nonpolar medium of dielectric constant ¢;. Thus,
P =¢€,(e, —1)E (18)

The polarization P, of the protein phase is obtained as the ratio of the electric
moment M, divided by the volume (1 —§)Ad of the protein phase [16]:

p— M — 1 ; . .
- 5) Ad (1—p)Ad ,Z:)l Nty = o) %

(d is the membrane thickness). As shown in Appendix A, the following expres-
sions are obtained from Eqns. 1—10 and 16—19 for the real and imaginary part
of the admittance Y(w):

n—1 2 2
Re(Y) = k;d2 =1 1(‘:' 220;,2 (20)
"~ wT,0,
Im(Y)=de2 L Tv et wCh (21)
n—1 n
0= 2 E Qilplkk—rkﬁr'(mn.i%ni _mijEij)Fnrk (22)

i,k=1 j,r=1
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H

* 1 ; AT -]
Ch =S [Lepie— 1)+ 2 N (23)
my; is the value of m;; (Eqn. 1) for E = E,, and k;; = 0. The quantities 7, are the
(n — 1) time constants describing the relaxation behaviour of the system of the
n conformational states P,,P,,...,P, after a macroscopic perturbation
(Eqn. A15). The coefficients q;, and p;, are functions of the rate constants as
defined by Egns. A13 and A16. According to Eqn. A5, the quantity C% is the
membrane capacitance in the limit of vanishing transition rates (k;; = 0).

The spectral intensity S;(w) of current noise is obtained from Eqns. 11 and
20 as

4 w?T?
Sp(w) = Z IIT(.O—ITT (24)

It is seen that S;(w) declines with w? toward low frequencies. This behaviour
results from the fact that the membrane is considered as a dielectric with
vanishing stationary conductance [Y(0) = 0]. (In a real membrane other noise
components from conduction processes will predominate in the limit w - 0).
On the other hand, the spectral intensity approaches a finite value at high fre-
quencies. According to Eqns. A25 and A26:

2 <
s,(oo)—— Z‘l 6= E y Niim?, (25)
1= ij=
Between w = 0 and w — o, the spectral intensity has (n — 1) dispersion regions
centered at frequencies w; = 1/7;.

In the following, we illustrate the general result by considering a special case.

The case n = 2
We assume that the protein P has only two conformational states:

ki2
Pl'V_‘—‘ P2
kay

with permanent dipolar moments y,, g, and polarizabilities «;, a,. In this case
the relations

1
ET:.___.———_ 26
kiz * Ry (26)

and N, = Nk,;7, N, = Nk,,7 hold, and Eqns. A13 and A16 may be satisfied with
Pt = g1 = 1. This gives (with u, —p, = Ap and oy — a; = Aa):
AN  (Ap+E,Aa)* 7

d> (/1) + (1/ky1) 1+ w27

The spectral intensity has components resulting from changes of the

permanent dipolar moment and of the polarizibility. These two components
differ in their dependence on the applied voltage V,=Eqd. If only the

Ty

Sp(w) =

(27)
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polarizibility changes in the conformational transition (Au = 0), the relation
S{(w) = V§ (28)

is predicted from Eqn. 27 (at low field-strength E,, the rate constants k;, and
k,; may be replaced by their voltage-independent values %,, and %,;). On the
other hand, if the two states P, and P, have different permanent moments
(Au # 0), the spectral intensity approaches a finite value in the limit V, - 0.

Field-dependent transitions between two conformational states P, and P, of
a membrane protein have been proposed as a mechanism for the gating process
of the sodium channel in nerves [11]. In order to estimate the spectral
intensity of current noise generated by the gating systems, we assume Aa = 0
and Au ~ 400 debye ~ 1.3 - 10727 C - m™! (this value of Au is required in order
to account for the voltage-dependence of the sodium conductance in the squid
giant axon [11]). With N=500um™2=5-10"%cm™? [18], ki, = ky =~ 2
10%s7! [18], and d ~ 5 nm, one obtains

Si(e)~1.4-10"22 A?s -cm™2

This value may be compared with the spectral intensity S; of current noise
resulting from the resting conductance g, of the axon membrane. With g, ~
1 mS - em™2 [19] one finds

St =4kTg,~15-102 A?s-cm™?

This comparison shows that, although the separation from other noise sources
seems difficult in general, gating noise may be measurable under favourable
conditions.

Rotation of dipolar molecules

As a further possibility for the occurrence of dielectric noise we consider
here the case that the membrane contains dipolar molecules which are able to
rotate. In order to describe the rotation of molecules within a lipid matrix, one
generally has to take into account the shape of the rotating molecule and the
anisotropic nature of the lipid medium [20]. For an estimate of the order of
magnitude of the spectral intensity and in order to simplify the discussion we
consider in the following the special case of spherical molecules which rotate
isotropically. Furthermore, we assume that all orientations of the rotating
molecules in the membrane are equally probable (in the absence of an external
electric field), thus neglecting, for instance, the influence of image forces near
the membrane-solution interface. The rotation of molecules in a viscous medium
is described by a frictional coefficient f, which relates the torque M, acting on
the molecule to the resulting angular frequency of rotation w,, in the stationary
state:

M
=M (29)
“r T

fr in turn is related to the relaxation time 7 of the orientational distribution
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function [21]:

- I
2kT

The dielectric behaviour of a dilute solution of dipolar molecules in a nonpolar
medium has been treated by Debye [21]. Using the Debye equations
(Appendix B), the real and imaginary part of the admittance Y(w) are obtained
as

T (30)

IJ.2N w2'T2
= . 31
Re(Y) = spra?s 1T+ o2 e
2
m(y) = -~N “T o+ wCs (32)

3kTd*t 1+ w1

u is the permanent dipolar moment, N the number of dipolar molecules in the
membrane, and Cy, the membrane capacitance in the limit of high frequencies
(w7 >>1).

The spectral intensity of current noise, as obtained from Eqns. 11 and 31:
4N 7
3d*r 1+ wir?
shows the same frequency dependence as the two-state system considered
above (Eqn. 27), i.e. an increase with w? at low frequencies and an approach to
a frequency-independent value in the limit w ~ . If the rotation of the dipole
is described, to a first approximation, in the same way as the rotation of a

macroscopic sphere in a medium of viscosity 1, the relaxation time 7 becomes
[21]:

Sp(w) = (33)

_ 4mna®

T (34)

where a is the radius of the sphere. Takingn ~3P=0.3J -m™ -s~! as repre-
sentative for the microviscosity of a lipid bilayer [22], the relaxation time of a
molecule of radius a = 0.5 nm becomes of the order of 7 ~0.1us (at T =
300 K). This means that up to frequencies of 100 kHz the relations w?r? << 1
and

4u*Nt o?

Siw)~ “

(35)

hold. For small polar molecules (such as nitrobenzene) the dipolar moments
may be of the order of 5 debye ~ 2 :-107?° C - m. If we assume that N = 102
dipolar molecules are dissolved in 1 cm? of a lipid-bilayer membrane of thick-
ness d = 5 nm (corresponding to about one dipole per 300 lipid molecules), the
spectral intensity at a frequency of f = w/27 = 1 kHz becomes

Si(1kHz) ~1-1072% A?s ' cm™? (36)

This value is too small to be detectable with the present sensitivity of current-
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noise measurements. This means that the observations of dielectric noise from
freely rotating small dipolar molecules in a bilayer will be extremely difficult.
The possibility remains, however, to observe the restricted rotation of polar
molecules bound to the membrane-solution interface. In this case the rotation
may be slowed down by activation energy barriers so that the relaxation time
7 in Eqn. 35 becomes larger.

Conclusion

In the preceeding sections two mechanisms have been analyzed by which
dielectric noise may be generated in lipid bilayers, namely: (a) conformational
transitions of proteins involving changes in dipolar moment and/or polarizibility,
and (b) rotation of dipolar molecules dissolved in the lipid. A further potential
source of dielectric noise not considered here consists of fluctuations in the
conformation of the polar head-groups of lipid molecules [23]. The spectral
intensity of current noise calculated for the two processes exhibits a character-
istic frequency dependence with a decrease proportional to w? towards low fre-
quencies and an approach to a frequency-independent (white noise) limit at
high values of w. The spectral characteristic of dielectric noise is thus com-
pletely different from the familiar Lorentzian behaviour of noise resulting from
open-close processes of ion channels [2,3], but similar to the noise observed
with hydrophobic ions in lipid bilayer membranes [24]. So far, dielectric noise
in membranes has not been studied experimentally. Interesting potential
applications concern the gating system in nerve [11,18], as well as. transition
between conducting and non-conducting states of synthetic ion channels
involving changes of dipolar moments [26,26]. At a given number N of dipolar
molecules in the membrane, the spectral intensity is inversely proportional to
the square of the membrane thickness d (Eqns. 24, 27 and 33), and therefore
very thin membranes may be used for such experiments. Numerical estimates
of the spectral intensity given in the previous sections show that dielectric noise
will be rather difficult to observe. Artificial lipid bilayer membranes with a low
level of background noise from conduction processes seem to be the most
favourable system for the study of dielectric noise.

Appendix A
Derivation of Eqns. 20—23

In the presence of a small a.c. field E(t), the total field strength is given by
E(@)=E,+E{(t)=E, + E,, cos wt (Al)

For |E | << |E,| the values of N; remains close to the equilibrium value N;, so
that we may write

Ni(t) = N; + x,(t); be; | << N; (A2)
Neglecting the term proportional to x;Eg (which is small to the second order),
Eqgn. 19 is obtained in the form (with y; + o,E, = m;):

A= P, =7 2 Wi+ NieiEs) (a3)
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Using the identity

20 mikiNj= 20 mikiN; ‘ (Ad)
ij=1

i,j=1

as well as Eqns. 3, 16—18 and A4, the current I(t) is obtained as

I(t)=—1— 20 gk N; + O av (ki; = 0) (A5)
dij=1 dt
€0A 1 A ]
* = — @ A6
cn =2 [1+ 46 D+ =g 4 N (46)

where my;=m; —m; is the value of m; (Eqn.1) for E=E,, and k;; = 0.
According to Eqns. 1,9 and A1l the dependence of the rate constants k;; on the
a.c. field E,(t) may be expressed by (for small IE,):

- a..r?zi.
kij % kij (1 + ZT J Es) (A7)
With the relations k;;N; = k;N; (Eqn. 5), m;; = —mj; and m;; = 0, it is easily seen
that the identity

) E Y?li}' EijNi =0 (AS)

holds. Using Eqns. 2, A1, A2, A5, A7, A8 as well as the relation a;=1—ay
(Eqns. 9 and 10), the current I(¢) is obtained in the form

n

1% b e, 1sn
= Lo SR D T RulNimk 4 O ke — o Vi sin wt (A9)

I bt
) 2kTd*> ;a1 dij=1

A set of differential equations for the quantities x; is obtained from Eqgns. 3
and A2. As the sum of all N; is constant, the relation Xy +tx,+..+x,=0
holds. This means that only n — 1 variables x; are independent. By elimination
of x, on finds

n—1
g.x_j. = g; cos wt + E bijxj (l = 1, 2, ey B — 1) (AlO)
dt i=1
Vio SN 7 1 —
Eji - Eni (l # ])
by - (A12)

_Eni - E Eil @i=7n
=1

Using the transformation

n—1 n—1
Yi < kz_>1 PirXp X; = k@l QjrYe (A13)
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Eqn. A10 may be obtained in the form [17]:

n—1
dy;
—~i= LIS
a Tx :L? Dir8r COs Wt (Al14)

The relaxation times 7; are given by the roots of the equation
Det(b,-j + 8,'j/T) =0 (A15)

where §,; is Kronecker’s delta. In order to transform Eqn. A10 into Eqn. A14,
the coeff1c1ents q;x have to be chosen in such a way that

n—1

Z)l (bi; *+ 8i/74) Qs = 0 (A16)
P

By virtue of Eqn. A15 this equation has a non-trivial solution. We now replace
the functions y; by complex functions n; with Re(n;) = y;:

n—1
dni __ 1

4 20 Dirge expiwt) (A17)
dt T,' k=1

where j is the imaginary unit. It is easily verified that the solution of Egn. A17
is given by
n; = A; exp(jwt) (A18)
1—jwr "
A =T - Sl ; Al9
Ti 7% wir? kz=>1 Pir&e (A19)

Instead of the real current I (Eqn. A9) we introduce a complex current J with
Re(J)=1I:

J(t) = Y(w) Vi, exp(jwt) (A20)
Vio exp(jwt) -
J(t) 2de2 112—1 Nlml]
1 n—1 n
+ O L (g ky — Tingke) £+ j0Ca Vo exp(ioot) (A21)
i=1j=

The complex quantities £;(Re(§;) = x;) are obtained from the functions n; by
the transformation A13:

n—1

E qum = E gnd; exp(jwt) (A22)

Introduction of the §; from Eqn. A22 into Eqn. A21 and comparison of the
real and imaginary parts of Eqns. A20 and A21 leads to the following relations:

n—1
)
Re[Y(w)] = dz (Q _12_31 5o ;zﬂz) (A23)
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n—1

1 w0, .
= +
Im[Y(w)] BTd 2 T+ ot r? wCy, (A24)
Q=% X kN (A25)
i,j=1

6, is given in Eqn.22. Under the assumptions of the model, the d.c. con-
ductance of the membrane is zero: Re[Y(0)] = 0. This means that

n—1
2 6,=Q (A26)
=1
1 ! w27,
= A27
Re[Y(w)] ETd® 2, 1+ ot ( )
Appendix B

Derivation of Eqns. 31 and 32

The frequency-dependent orientation of dipolar molecules in an alternating
field E° = (V,/d) exp(jwt) is usually described by introducing a complex dielec-
tric constant € [16,21]:

€=¢€ —je (B1)
The (complex) displacement D° is then equal to
D°® = eoeE” (B2)

According to Eqn. 16, the electric current J in the external circuit is given by
J = A(dD°/dt). Comparison with J = Y(w)V, exp(jwt) shows that

Re(Y) =% WEg€” _ (B3)
A )
Im(Y) =g Weoe's (B4)

For a dilute solution of spherical molecules with permanent dipolar moment u
in a nonpolar medium, €’ and €” are given by the Debye equations [15,20]:

€ =€, + wn 1
®  8kTe, 1+ w?r?

(B5)

W Mn wr
3kTe, 1+ w?r?

(B6)

€ is the dielectric constant of the solution at high (optical) frequencies, n the
number of dipoles per unit volume and 7 the relaxation time defined by
Eqn. 30. Introducing the membrane capacitance Cm = €0€A/d at infinite fre-
quency and the number N =nAd of dipoles in the membrane and inserting
Eqns. B5 and B6 into Eqns. B3 and B4 yields Eqns. 31 and 32.
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